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Abstract— In this paper, we study the impact of antennas and 
propagation channel on the block diagonalization (BD) capacity 
gain for 802.11ac Multi-User MIMO (MU-MIMO) in Home 
Networks. A correlated channel model is examined. The effect of 
the number of the transmit antennas, their spacing, and SNR is 
explored. It is shown that only a small increase of the number of 
transmit antennas over the total number of spatial streams 
increases the MU-MIMO capacity gain over SU-MIMO 
considerably. For example, a gain of 45% is achieved for a 20 dB 
SNR with 4 spatial streams and 6 transmit antennas. 
Additionally, the half wavelength antenna spacing is sufficient to 
take advantage of BD gain and to keep a transmit antenna with 
compact size. Based on simulations, we reveal the importance of 
a new channel correlation parameter to explain MU-MIMO 
capacity gain. 
Keywords: MU-MIMO, IEEE 802.11ac, home networks, channel 
capacity, channel models. 
I. INTRODUCTION 
In a multi-user downlink scenario, an access point (AP) is 
equipped with multiple antennas and is simultaneously 
transmitting several independent spatial streams to a group of 
users. Each of these users is also equipped with a single or 
multiple antennas. The management of multiple users 
generates a new interference called inter-user interference 
(IUI). Several studies focused on the MU-MIMO solutions to 
overcome multipath propagation and users’ interference. 
In this context, the new standard IEEE 802.11ac ratified in 
January 2014 normalizes the MU-MIMO processing, namely 
precoding techniques [1]. The use of these methods aims to 
increase data rates above 1 Gbps and to improve capacity. The 
precoding methods can be classified according to several 
criteria [2]. The classification that has been frequently used is 
whether the technique is linear or not. We could distinguish 
then two major classes of precoding, namely non-linear 
precoding and linear precoding. 
Linear precoding techniques have an advantage in terms of 
computational complexity. Non-linear techniques have a higher 
computational complexity but can provide better performance 
than linear techniques. The non-linear techniques are also 
known to achieve optimum capacity. In fact, it was proven that 
the capacity region of the MU-MIMO downlink can be 
achieved with dirty paper coding (DPC) [3]. The linear method 
that is most explored in the literature is block diagonalization 
[4] for downlink MU-MIMO systems. The main principle of 
BD is to ensure zero inter-user interference as a first step, and 
then to maximize capacity. Thus, with perfect channel state 
information (CSI) at the transmitter, BD transforms a MU-
MIMO system into several parallel single-user MIMO (SU-
MIMO) systems after cancelling the inter-user interference. In 
fact, when the CSI is provided at the access point, zero inter-
user interference is achievable at every receiver, enabling 
thereby a simple receiver at each user. 
The DPC sum capacity gain over BD has been studied in 
[5]. It was shown that DPC and BD are equivalent for low SNR 
and a low number of users. Nevertheless, with a high number 
of users, the DPC gain over BD is considerable. 
Most articles on MU-MIMO have studied BD over 
Rayleigh fading channel [2], [5]. To the best of our knowledge, 
no article has studied so far the BD performance based on the 
MU-MIMO correlated channel models defined for 802.11ac 
(TGac channel models). Furthermore, for this case no study 
considering the impact of antennas and propagation aspects on 
BD performance has been done, unlike for 802.11n networks 
[6]. Also, the case of users with more than a single antenna has 
been rarely studied [7]. 
This paper addresses the impact of transmit antennas and 
propagation on BD performance gain over SU-MIMO in a 
MU-MIMO downlink. Due to the great success and 
generalization of Wi-Fi in home networks, a residential 
environment is considered for this study. To have comparisons 
with an ideal case, we also study a non-correlated Rayleigh 
channel. The rest of this paper is organized as follows. Section 
II describes the system model, presents the block 
diagonalization algorithm and gives the capacity computation 
method for MU-MIMO and SU-MIMO systems. Section III 
presents the MU-MIMO channel model and describes the 
simulation process. The simulations results are provided in 
Section IV. Finally, the conclusion is drawn in Section V. 
We briefly summarize the notation used throughout this 
article. Superscript (. )∗ denotes transpose conjugate. 
Expectation (ensemble averaging) is denoted by E(.). The 
Frobenius norm of a matrix is written ||. ||.Finally, the index k 
is used as a user index throughout this article and it runs from 1 
to K, where K is the number of users in the studied system. 
 
II. SYSTEM MODEL, BLOCK DIAGONALIZATION ALGORITHM, 
AND RELATED CAPACITY 
The studied MU-MIMO system is composed of K users 
connected to one access point as shown in Fig. 1. The access 
point has 𝑛𝑇 transmit antennas and each user k has   
𝑛𝑅𝑘  receive antennas. We define 𝑛𝑅 = ∑ 𝑛𝑅𝑘
𝐾
𝑘=1 . 
 
 
Fig. 1. Diagram of MU-MIMO system. 
 
The 𝐿𝑘 × 1 (where 𝐿𝑘 is the number of parallel symbols 
transmitted simultaneously for the k
th
 user) transmit symbol 
vector 𝑠𝑘 for user k is preprocessed at the access point before 
being transmitted. The baseband received signal at the k
th
 
receiver is given by: 
 
 𝑌𝑘 = 𝐻𝑘𝑊𝑘𝑠𝑘 + 𝐻𝑘 ∑ 𝑊𝑖𝑠𝑖
𝐾
𝑖=1,𝑖≠𝑘 + 𝑛𝑘 (1) 
 
where 𝐻𝑘 is an 𝑛𝑅𝑘 × 𝑛𝑇 matrix that refers to the MIMO 
channel matrix for the k
th
 receiver, 𝑊𝑘 is the 𝑛𝑇 × 𝐿𝑘  BD 
precoding matrix intended to the k
th
 user resulting in an 𝑛𝑇 × 𝐿 
(L=L1+L2+…+LK) precoding matrix 𝑊 = [𝑊1, … , 𝑊𝐾], 𝑛𝑘 is 
the noise vector composed of complex Gaussian noises 
(𝐸(𝑛𝑘𝑛𝑘
∗ ) = 𝜎𝑛
2𝐼𝑛𝑅𝑘
). 
For the following, we provide a single carrier calculation 
since the multipath channel is considered to be narrowband for 
each sub-channel in the OFDM 802.11ac transmitted signals.  
Block diagonalization [4] is a transmit preprocessing 
technique for downlink MU-MIMO systems. BD decomposes 
the MU-MIMO downlink system into K parallel independent 
SU-MIMO downlink systems. 
The BD method consists first in perfectly suppressing the 
IUI (IUI = 𝐻𝑘 ∑ 𝑊𝑖𝑠𝑖
𝐾
𝑖=1,𝑖≠𝑘 ) for each user k, to have parallel 
SU-MIMO systems. Then, a usual transmit beamforming is 
applied to optimize the capacity for each user. The precoding 
matrix 𝑊𝑘  is a cascade of two precoding matrices 𝐴𝑘  and 𝐵𝑘, 
where 𝐴𝑘 is for nullifying the IUI and 𝐵𝑘 is for optimizing 
capacity: 𝑊𝑘 = 𝐴𝑘 𝐵𝑘. 
The multi-user sum capacity is expressed as follows for 
each OFDM subcarrier [7]: 
 
 𝐶𝐵𝐷 = ∑ ∑ 𝑙𝑜𝑔2(1 +
𝑝𝑖𝑘
𝜎𝑛
2 µ𝑖𝑘
2 )
𝑛𝑅𝑘
𝑖=1
𝐾
𝑘=1  (2) 
 
where 𝑝𝑖𝑘is the power dedicated to the i
th
 antenna for the k
th
 
user, µ𝑖𝑘
2  are the eigenvalues of the effective channel for the k
th
 
user after applying the IUI cancellation, and 𝜎𝑛
2 is the noise 
power. Note that this article considers an equal repartition of 
transmit power between spatial streams and subcarriers. The 
subcarrier index is not mentioned throughout this paper in 
order to simplify the notations, but since 𝐶𝐵𝐷 is related to H, 
𝐶𝐵𝐷 depends on each OFDM subcarrier. 
For the corresponding SU-MIMO systems and for relevant 
comparisons with MU-MIMO, the number of antennas 𝑛𝑇 and 
𝑛𝑅 remains unchanged. The considered SU-MIMO system 
applies a singular value decomposition and its capacity 𝐶𝑆𝑈 is 
computed as detailed in [8] for each OFDM subcarrier. For 
SU-MIMO and MU-MIMO systems, the number of the used 
spatial streams is given by 𝐿𝑘=rank(𝐻𝑘). 
The signal to noise ratio (SNR) is defined as 𝑆𝑁𝑅 =
 𝑃𝑒
𝜎𝑛
2, 
where 𝑃𝑒 is the total transmit power. We apply the common 
normalization 𝐸(||𝐻||²) = 𝑛𝑇𝑛𝑅 which means that the average 
propagation loss is 0 dB [9]. 
 
III. SIMULATION DESCRIPTION AND CHANNEL MODEL 
A. Description of the Channel Model 
A MIMO channel model was first specified for the 802.11n 
standard, within the TGn task group [10]. It is based on the 
cluster model, originally proposed by Saleh and Valenzuela for 
single-input single-output (SISO) channels [11]. Afterwards, 
the TGac task group [12] has proposed modifications to the 
basic TGn model. The modifications concern the Power 
Angular Spectrum (PAS) to allow MU-MIMO operation and it 
is summarized as follows [11]. 
 The defined TGn azimuth spread for each cluster 
remains the same for all users. 
 For each user, independent offsets between +/-180° 
are introduced for the angle of arrival (AoA), for both 
the direct tap and the NLOS taps. 
 For each user, independent offsets between +/-30° are 
introduced for the angle of departure (AoD) for the 
angle of arrival (AoA), for both the direct tap and the 
NLOS taps. 
Therefore, for MU-MIMO scenarios, channels shall be 
modeled by randomly drawing for each user these four offset 
values. 
TGn [10] has specified six different channel models (A, B, 
C, D, E, F) for different environments: office environment (D), 
large open space and office environments (E)... This paper 
shows results according to channel model B. This channel 
model has 9 Rayleigh-fading taps, and each tap has a Bell 
Doppler spectrum to consider the random time variability of an 
indoor channel. 
Thereafter, a uniform linear array of antennas at the AP is 
simulated with the propagation channel model TGac-B (15 ns 
RMS delay spread) for the 5.25 GHz frequency band. Transmit 
and receive MIMO channel correlation matrices are modeled 
through the power angular spectrum. 
Rayleigh fading is exhibited for each tap (excepted for the 
LOS tap which follows a Rice fading with a 0 dB Rician 
factor), by the assumption that the real and imaginary parts of 
the taps are modeled by independent and identically distributed 
(i.i.d.) zero-mean Gaussian processes so that different taps are 
uncorrelated. 
 
B. Simulation Process 
The simulated system is composed of one access point 
equipped with multiple antennas (linear array of dipole 
antennas, vertically polarized), and two receivers. Each 
receiver has two dipole antennas. A Matlab source code [10] 
was used to compute the different 802.11ac channel samples. 
As mentioned before, the channel model B has 9 Rayleigh-
fading taps. For each tap complex amplitude, the transmit and 
receive correlation matrices are calculated. The time domain 
channel was converted to frequency domain by discrete 
Fourier transform taking into account the characteristics of 
IEEE 802.11ac. 
Block diagonalization method is investigated considering a 
total transmit power equally shared over all spatial streams.  
To have statistical results, 100 couples of users (K = 2) are 
randomly drawn around the access point. For each drawing, we 
use a simulation length equal to 55 coherence times of the 
MIMO channel to simulate the fast fading. By setting the 
“Fading Number Of Iterations” in the Matlab channel model to 
512, 488 interpolated channel samples are collected for each 
couple of users. The default configuration parameters are 
summarized as follows: 
 SNR = 20 dB for all users 
 Number of spatial streams (𝑁𝑆𝑆): ≤ 2 
 Number of users: 𝐾 = 2 
 Number of receiving antennas: 𝑛𝑅1 = 𝑛𝑅2 = 2 
 Transmit antenna spacing: 0.5λ 
 Receive antenna spacing: 0.5λ 
The residential LOS channel (TGac-B LOS) concerns users 
in LOS with the access point. The residential NLOS channel 
(TGac-B NLOS) concerns users in NLOS with the access 
point. Both TGac-B channel LOS and TGac-B channel NLOS 
lead to almost the same results. This is because the Rice factor 
in the TGac-B model is set to 0 dB for the first tap, which is 
very close to Rayleigh. Hence, in the remainder of this article, 
we only present the results for TGac-B channel NLOS. 
 
IV. SIMULATION ANALYSIS AND SYSTEM RECOMMENDATION  
In this section, some numerical results are presented. The 
effect of the propagation channel and transmit antennas 
(number and spacing of transmit antennas) is analyzed: the 
transmit antennas. The impact of SNR is also analyzed. The 
aim is to assess the weight of each parameter on the BD 
capacity gain over SU-MIMO and to give recommendation to 
optimize MU-MIMO performance. 
To highlight the BD capacity gain over SU-MIMO, most 
graphs below show the average of MU to SU capacity ratio. 
For 2 users, the optimal capacity gain value would be 2. 
 
A. Antenna Spacing Effect 
For the following, the number of transmit antennas is fixed 
to 𝑛𝑇 = 6, and SNR = 20 dB. To study the transmit antenna 
spacing, six values are used: 0.25λ, 0.5λ, 0.75λ, λ, 1.25λ and 
1.5λ. 
In Fig. 2, the first value (0.25λ) presents an isolated and 
very low gain (33%) compared to the other spacings. For a 
transmit antenna spacing of 0.5 λ and above, the capacity gain 
of MU-MIMO compared to SU-MIMO is around 55% and it 
almost attains the gain in a Rayleigh channel. Antenna spacing 
has no effect on the Rayleigh channel since its MU-MIMO 
channel matrix elements are complex Gaussian and 
independent. Considering a trade-off between the antenna size 
and the MU-MIMO capacity gain, the recommendation is to 
have the antenna spacing equal to 0.5λ. This value is used for 
the results presented in the remainder of this paper. 
 
Fig. 2. Average of MU to SU capacity ratio versus transmit antenna 
spacing 
 
B. SNR Effect 
Fig. 3 shows the MU capacity gain over SU versus SNR 
with 6 transmit antennas spaced 0.5λ in NLOS conditions. For 
high SNR, MU-MIMO outperforms SU-MIMO in terms of 
capacity with gain changing from 10% till 70%. Nevertheless, 
for low SNR, SU-MIMO performs better than MU-MIMO in 
terms of capacity. It is not practical to have too low SNR for 
MU-MIMO as it would not be possible to have CSI with no 
errors to apply the BD precoding. 
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The capacity gain is 30% when the SNR increases from 0 to 
10 dB, or from 10 dB to 20 dB, or from 20 dB to 30 dB, and 
around 10% when it changes from 30 dB to 40 dB. To 
conclude about the SNR, the desired range and the desired bit 
rate are put forward. For the following results, a middle case is 
evaluated with SNR = 20dB. 
 
Fig. 3. Average of MU to SU capacity ratio versus SNR 
 
C. Number of Transmit Antennas 
Fig. 4 gives the ratio between the average of MU to SU 
capacity and the number of transmit antennas for three types of 
channel: TGac-B channel LOS, TGac-B channel NLOS, and 
Rayleigh channel. 
The first observation drawn from Fig. 4 is that the MU 
capacity gain over SU-MIMO increases with the number of 
transmit antennas for the three environments. It changes from 
1.2 to 1.65 for the residential environment, i.e. around 45% of 
capacity gain. 
We also observe that the gain from 𝑛𝑇 = 4 to 𝑛𝑇 = 6 is 
much higher than the one observed from 𝑛𝑇 = 6 to 𝑛𝑇 = 8 or 
the one observed from 𝑛𝑇 = 8 to 𝑛𝑇 = 10. This can be 
explained by the fact that we cannot take benefit of the transmit 
beamforming for 𝑛𝑇 = 4, since the number of transmit 
antennas is the same as the total number of spatial streams. 
Another explanation concerning the channel correlation is 
given hereafter. 
 
Fig. 4. Average of MU to SU capacity ratio versus the number of 
transmit antennas  
 
Fig. 5. Capacity value achieved by an i.i.d Rayleigh and TGac-B 
NLOS channels. 
 
In order to optimize the MU-MIMO capacity gain and have 
a less congested system, we recommend using 𝑛𝑇 = 6, when 
we have a system with two receivers and two antennas each. 
Fig. 5 shows the average capacity value for MU-MIMO 
and SU-MIMO. The capacity value for MU-MIMO increases 
more rapidly than SU-MIMO. It achieves 27.5 bits/s/Hz versus 
16.5 bits/s/Hz for SU-MIMO for 𝑛𝑇 = 10. 
 
D. Correlation Coefficient 
In this section, a correlation parameter is explored as a 
relevant parameter to explain the previous results 
concerning 𝑛𝑇 and MU-MIMO capacity gain. This parameter 
is used to analyze the correlation coefficient of the MIMO 
channels H1 and H2 between the AP and each user. MU-MIMO 
channel correlation coefficient was previously studied for the 
particular case of a single antenna receiver [13]. 
In the case of a multiple antennas receiver, there is not a 
single definition of the channel correlation. Theoretical studies 
comparing BD and DPC have proved, that in the particular 
case where 𝑛𝑇>𝑛𝑅, BD achieves the DPC optimal bound if 
𝐻1𝐻2
∗ = 0 [14]. At the opposite side, 𝐻1 = 𝐻2   is a worst case 
for MU-MIMO, as BD fails to cancel IUI. Several possibilities 
exist, but these theoretical results for extreme cases and our 
simulations revealed that the following definition was the most 
relevant to explain MU-MIMO capacity gain [15]: 
 ρ =
||𝐻1𝐻2
∗||²
𝑛𝑅1𝑛𝑅2
  (3) 
with: ||H1(i,:)||=1, ||H2(j,:)||=1, 𝑖 ϵ [1, 𝑛𝑅1] and 𝑗 ϵ [1, 𝑛𝑅2]. 
Let’s define: 𝐻1 = (
𝐿1
1
⋮
𝐿𝑛𝑅1
1
) and 𝐻2 = (
L1
2
⋮
LnR1
2
) where 
L𝑖
j
represents the i
th
 row of the matrix 𝐻j of size 1 × 𝑛𝑇. 
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The product 𝐻1𝐻2
∗ = (
𝐿1
1
⋮
𝐿𝑛𝑅1
1
) (𝐿1
2∗ … 𝐿𝑛𝑅2
∗ ) is a matrix 
whose elements are: (𝐿𝑖
1𝐿𝑗
2∗)
1≤i≤nR1 ; 1≤j≤nR2
. Thus, the 
correlation coefficient ρ can be expressed as:  
 ρ =
1
nR2nR2
∑ |𝐿𝑖
1𝐿𝑗
2∗|
2
i=1,nR1 ; j=1,nR2 
                   (4) 
 
|𝐿𝑖
1𝐿𝑗
2∗|
2
 represents the correlation between each single 
receiving antenna subsystem of the first user and each single 
receiving antenna subsystem of the second user. This the more 
common correlation coefficient used in the case of single 
antenna receivers. ρ represents an average value of the 
correlation coefficient between any single antenna receiver 
subsystem combination. 
The average of MU to SU capacity ratio versus the average 
of the correlation coefficient 𝐸(ρ) is presented in Fig.6, for 
simulations considering 𝑛𝑇 = 6 . The average is computed here 
only over time, and each point represents one of the 100 
samples of user couples. When the correlation coefficient 
increases, the capacity gain decreases: more than 30% of 
capacity loss when the correlation coefficient goes from 0.05 to 
0.35. Actually, when both channels (H1 and H2) are correlated, 
similar in other words, the BD algorithm does not show great 
performance. Thus, the gain decreases. It is the case when the 
two users are close enough. This correlation coefficient has the 
great advantage of optimizing the users grouping in a MU-
MIMO scenario. For example, a system could be optimized by 
selecting the K users minimizing ∑
||𝐻𝑖𝐻𝑗
∗||²
𝑛𝑅𝑖𝑛𝑅𝑗
𝑖,𝑗,𝑖≠𝑗 . 
 
 
Fig. 6. Average of MU to SU capacity ratio versus the average 
correlation coefficient 
 
The impact of the number of transmit antennas versus 
average correlation coefficient 𝐸(𝜌) is presented in Fig. 7. The 
averaging is performed over all the MU-MIMO channel 
samples. The average correlation coefficient decreases with the 
number of transmit antennas. Once more, the two types of 
residential channel (LOS, NLOS) follow the same trend. The 
values are higher but remain relatively close to the ones 
obtained for Rayleigh channel. We can observe that even if the 
simulated Rayleigh channel has independent elements in H1 
and H2, the average correlation coefficient 𝐸(𝜌) is not zero, 
which is not an intuitive result. Through computation (see 
Appendix), the average correlation coefficient for an i.i.d 
MIMO Rayleigh fading channel is proven to be: E(𝜌) =
1
𝑛𝑇
. 
This result is validated through simulations (Fig. 7). 
 
 
Fig. 7. Average correlation coefficient versus the number of transmit 
antennas 
 
V. CONCLUSION 
In this paper, we have investigated the impact of antennas 
and propagation channel on the block diagonalization (BD) 
capacity gain for the 802.11ac MU-MIMO in home networks. 
The obtained results are based on the MU-MIMO correlated 
channel model specified for 802.11ac for two-antenna user. 
This article gives recommendations to optimize MU-MIMO 
capacity in terms of number of transmit antennas, transmit 
antenna spacing and SNR effect. In particular we have proved 
that a small increase of the number of transmit antennas 
compared to the total number of transmitted spatial streams 
improves significantly the user channel de-correlation and the 
MU-MIMO capacity gain over SU-MIMO : for example a gain 
of 45% is achieved for a 20 dB SNR, 4 spatial streams and 6 
transmit antennas. We have also highlighted a relevant channel 
correlation definition that is useful to decide whether MU-
MIMO outperforms SU-MIMO and to select the users into a 
MU-MIMO user group. 
In further work, MU-MIMO measurements will be 
conducted to compare these results with real propagation 
channels. 
 
 
APPENDIX 
CORRELATION COEFFICIENT FOR RAYLEIGH FADING CHANNEL 
 
For a MIMO i.i.d Rayleigh fading channel, each element of 
the channel matrix follows a zero mean complex Gaussian 
process (with the same standard deviation 𝜎) and all these 
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Rayleigh
elements are independent. Let’s define: 𝐻1 = (
𝐿1
1
⋮
𝐿𝑛𝑅1
1
) and 
𝐻2 = (
L1
2
⋮
LnR2
2
) where L𝑖
j
represents the i
th
 row of the matrix 𝐻j. 
 
The complex Gaussian coefficients 𝐿1
1 (𝑝) and 𝐿1
2(𝑞), 
p,q=1... 𝑛𝑇 can be written in terms of their amplitudes 𝑟𝑝
1, 𝑟𝑞
2, 
and phases 𝜑𝑝
1, 𝜑𝑞
2 as:  
𝐿1
1 (𝑝) =
𝑟𝑝
1𝑒
𝑗𝜑𝑝
1
∑ (𝑟𝑚
1 )²
𝑛𝑇
𝑚=1
    and     𝐿1
2(𝑞) =
𝑟𝑞
2𝑒
𝑗𝜑𝑞
2
∑ (𝑟𝑚
2 )²
𝑛𝑇
𝑚=1
 (5) 
 
where, 𝑟𝑝
1, 𝑟𝑞
2, 𝜑𝑝
1, 𝜑𝑞
2 are independent, 𝑟𝑝
1, 𝑟𝑞
2 follow a 
Rayleigh law, 𝜑𝑝
1, 𝜑𝑞
2 an uniform law in [0, 2𝜋]. 
 
The product 𝐻1𝐻2
∗ = (
𝐿1
1
⋮
𝐿𝑛𝑅1
1
) (𝐿1
2∗ … 𝐿𝑛𝑅2
∗ ) is a matrix 
whose element is: (𝐿𝑖
1𝐿𝑗
2∗)
1≤i≤nR1 ; 1≤j≤nR2
. We can express 
𝐸(ρ) as: 
 
 
E(ρ) =
1
nR1nR2
∑ E (|𝐿𝑖
1𝐿𝑗
2∗|
2
)i=1,nR1 ; j=1,nR2   (6) 
 
E (|𝐿𝑖
1𝐿𝑗
2∗|
2
) does not depend on the indexes i and j as the 
corresponding laws for 𝐿𝑖
1 and 𝐿𝑗
2∗ matrix element does not. So 
we can simplify (6) as: 
 E(ρ) = E(|𝐿1
1 𝐿1
2∗|2) (7) 
             = E (|∑ 𝐿1
1 (𝑝)𝐿1
2∗(𝑝)
nT
p=1
|
2
) 
 
E(ρ) = E (|∑
𝑟𝑝
1𝑟𝑝
2
√∑ (𝑟𝑚
1 )²
𝑛𝑇
𝑚=1
√∑ (𝑟𝑚
2 )²
𝑛𝑇
𝑚=1
𝑛𝑇
𝑝=1 𝑒
𝑗(𝜑𝑝
1−𝜑𝑝
2)|
2
) (8) 
 
Then, using the statistical independence of 𝑟𝑝
1, 𝑟𝑝
2, 𝜑𝑝
1, 𝜑𝑝
2, 
(8) can be simplified as: 
 
  E(ρ) = ∑ E (
(𝑟𝑝
1𝑟𝑝
2)
2
∑ (𝑟𝑚
1 )²
𝑛𝑇
𝑚=1 ∑ (𝑟𝑚
2 )²
𝑛𝑇
𝑚=1
)
nT
p=1  + 0 (9) 
 
All terms in the sum are identical, so that:  
      E(ρ) = nTE (
(𝑟1
1𝑟1
2)
2
∑ (𝑟𝑚
1 )²
𝑛𝑇
𝑚=1 ∑ (𝑟𝑚
2 )²
𝑛𝑇
𝑚=1
)       (10) 
 
 
Because 𝑟1
1 and 𝑟1
2 are independent, we can deduce: 
 
          E(ρ) = nTE (
(𝑟1
1)
2
∑ (𝑟𝑚
1 )²
𝑛𝑇
𝑚=1
) 𝐸 (
(𝑟1
2)
2
∑ (𝑟𝑚
2 )²
𝑛𝑇
𝑚=1
)    (11) 
 
Let’s define A = E (
(𝑟1
1)
2
∑ (𝑟𝑚
1 )²
𝑛𝑇
𝑚=1
). We have: 
A = E (
(𝑟1
1)
2
∑ (𝑟𝑚
1 )²
𝑛𝑇
𝑚=1
)  (12) 
=E(
(𝑟1
1)
2
(𝑟1
1)²+(𝑟2
1)²+⋯.(𝑟𝑛𝑇
1 )²
)                                               (13) 
= 𝐸 (
(𝑟1
1)²+(𝑟2
1)²+⋯.(𝑟𝑛𝑇
1 )²
(𝑟1
1)²+(𝑟2
1)²+⋯.(𝑟𝑛𝑇
1 )²
−
(𝑟2
1)
2
(𝑟1
1)²+(𝑟2
1)²+⋯.(𝑟𝑛𝑇
1 )²
− ⋯ −
(𝑟𝑛𝑇
1 )
2
(𝑟1
1)²+(𝑟2
1)²+⋯.(𝑟𝑛𝑇
1 )²
)   (14) 
= 1 − (𝑛𝑇 − 1)𝐴 
 
Consequently, the quantity A is: 𝐴 =
1
𝑛𝑇
 and similarly we have 
𝐸 (
(𝑟1
2)
2
∑ (𝑟𝑚
2 )²
𝑛𝑇
𝑚=1
) =
1
𝑛𝑇
. Finally, E(𝜌) =
1
𝑛𝑇
. 
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